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ABSTRACT Sickle hemoglobin nucleation occurs in solution as a homogeneous process or on existing polymers in a
heterogeneous process. We have developed an analytic formulation to describe the solution crowding and large nonideality
that affects the heterogeneous nucleation of sickle hemoglobin by using convex particle theory. The formulation successfully
fits the concentration and temperature dependence of the heterogeneous nucleation process over 14 orders of magnitude.
Unlike previous approaches, however, the new formulation can also accurately describe the effects of adding nonpolymer-
izing agents to the solution. Without additional adjustable parameters, the model now describes the data of M. Ivanova, R.
Jasuja, S. Kwong, R. W. Briehl, and F. A. Ferrone, (Biophys. J. 2000, 79:1016–1022), in which up to 50% of the sickle
hemoglobin is substituted by cross-linked hemoglobin A, which does not polymerize, and which substitution causes the rates
to decrease by 105. The success of this approach provides insight into the polymerization process: from the size-dependence
of the contact energy deduced here, it also appears that various contacts of unknown origin are energetically significant in
the heterogeneous nucleation process.

INTRODUCTION

The nucleation of sickle hemoglobin is a remarkable pro-
cess involving, in the same reaction, a very strong concen-
tration dependence (up to 50th power) and an exponential
time dependence. Reconciliation of these two disparate
characteristics was made possible by the postulation of a
novel, double nucleation mechanism in which it was pro-
posed that the surface of a polymer could catalyze the
nucleation of additional polymers (Ferrone et al., 1980;
Ferrone et al., 1985b) (Fig. 1). The formation of polymers
thus could proceed either by nucleation in bulk solution
(homogeneous nucleation) or by polymer nucleation on
other polymers (heterogeneous nucleation). Originally de-
duced on the basic of kinetic measurements, the heteroge-
neous nucleation process was subsequently observed di-
rectly in differential interference contrast microscopy
(Samuel et al., 1990). Recently, a structural rationale for the
process has been advanced using the same primary contact
partners found in the polymer itself., viz. �6 val seating into
a hydrophobic pocket around �88 Leu (Mirchev and Fer-
rone, 1997).

The assembly of sickle hemoglobin requires high hemo-
globin concentrations (�160 mg/ml) in vivo and in phos-
phate buffers of low molarity (Eaton and Hofrichter, 1990).
Consequently, the description of the assembly process in
thermodynamically sound terms must account for substan-
tial nonideality in the solutions. The mutual crowding of
monomers has been well studied, and accurate monomer
activity coefficients are available, having been determined

in various colligative experiments (Ross and Minton, 1977;
Ross et al., 1977, 1978; Prouty et al., 1985). Among other
uses, the activity coefficients have successfully rationalized
the copolymerization of sickle hemoglobin in mixtures with
nonpolymerizing agents (Minton, 1977; Eaton and Hofrich-
ter, 1990). Describing the formation of homogeneous nuclei
is not as simple as describing solubility, but nonetheless can
be modeled by an approach known as scaled particle theory
(SPT), in which activity coefficients can be determined for
objects of similar geometry (e.g., spheres) (Ferrone et al.,
1985a). The adequacy of SPT modeling of homogeneous
nucleation was recently tested, and it was found to be highly
successful (Ivanova et al., 2000). Heterogeneous nucleation
poses a still more difficult challenge because the nucleus
forms on a surface, so scaled particle approaches are inad-
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FIGURE 1 The double nucleation mechanism. The first polymer forms
by homogeneous nucleation, followed by elongation. Subsequent polymers
may either form by additional homogeneous nucleation events or by
nucleation onto the surface of polymers that have already formed. Once
formed by either pathway, the polymers are the same. Nuclei are assumed
to have no special structure, but maintain the same geometry as monomers
within the polymer.
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equate. Although lattice approaches that model the aggre-
gates as formed from cubes, for example, are numerically
workable, they do not provide the convenience of an ana-
lytic form (cf. for example, Madden and Herzfeld, 1993).
Having an analytic description is especially useful because
the equations must be incorporated into a kinetic model and
then fit to data. The original approach to the problem of
describing the activity coefficients of the heterogeneous
nucleus was to assume that the activity coefficient of the
polymer equaled the activity coefficient of the polymer plus
nucleus (or at least were proportional in a concentration-
independent ratio) (Ferrone et al., 1985a). Recent tests,
however, have shown that such a fortuitous cancellation did
not occur, and, unlike the case for homogeneous nucleation,
the quantitative description of the effect of crowding on
heterogeneous nucleation rates was quite inaccurate
(Ivanova et al., 2000).

Such a deficiency has various implications. The models
used to describe the kinetics use the energetics of attach-
ment of nuclei. Without accuracy in the model, it is impos-
sible to know if the energetics deduced for the heteroge-
neous nucleation have meaning. This is especially important
because contacts contribute to the stiffness of the gel, which
in turn leads to the pathophysiology. Likewise, a systematic
study of the contact energies is frustrated until they can be
unambiguously identified. It should also be noted that, not
only does sickle hemoglobin assemble in a solution
crowded by deoxyHbS molecules, but it is also crowded by
the presence of molecules that do not polymerize, such as
oxy-HbS or HbA.

In this paper, we report a new approach based on a
variation of scaled particle theory that we label as convex
particle theory (CPT) (Boublik, 1974). Unlike SPT, CPT
can be used when the geometry of the particles is different,
as long as the particles themselves are convex. We find that
the formulation gives rise to a useful approximation that
permits a simple analytic expression to be given for the
relevant activity coefficient ratio, and requires no new un-
determined parameters. With this new formulation, we have
refit the extant data for the exponential growth process,
which depends heavily on the rate of homogeneous nucle-
ation. The new formulation provides a fit that is as good, or
better than, that originally proposed by Ferrone et al.
(1985a). Once the data is fit to obtain a standard set of
parameters for temperatures between 15 and 35°C, the pa-
rameters and theory are used to predict the results expected
from addition of crowding molecules, such as cross-linked
HbA. (The presence of the cross-link prohibits the HbA
from reproportionating subunits with HbS.) The model pro-
vides very good predictive power for the crowding of the
solution, arguing that the approach taken is sound, and the
approximations reasonable. From this vantage point, it be-
comes possible to use the heterogeneous nucleation param-
eters as a tool to understand the molecular energetics of this
unique and critical process.

THEORY

Homogeneous nucleation

We begin with the description of homogeneous nucleation
because heterogeneous nucleation involves the attachment
of an aggregate to a surface of the polymer. The homoge-
neous nucleation rate f0 is the result of monomer addition to
a spontaneously formed nucleus. If nuclei of size i* have
concentration denoted by ci* and possess activity coefficient
�i* then the nucleation rate is given by

f0 � k�

�0c0�i*ci*

�‡ , (1)

in which �‡ is the activity coefficient of the activated
complex (Hill, 1986; cf. Eqs. 2 and A2.1 of Ferrone et al.,
1985a). k� is the monomer addition rate constant, taken as
size independent. By straightforward statistical thermody-
namics, ci* can be related to �PC, the chemical potential that
holds the molecules within the polymer, because the nu-
cleus is approximated as being in equilibrium with the
monomers. In the computation to determine the nucleus, the
contributions of the contact energy, �PC, and the chemical
potential from vibrational entropy �PV, must be considered.
For an aggregate of size i, the chemical potential of the
aggregate depends on the fraction of contact sites in the
infinite polymer that have been made, viz., �(i). The total
contact energy for size i is given by i�(i)�PC. A useful
approximation is to set �(i) � �0i � �1 ln i � �2 where the
various constants are determined from fitting this function
to the contacts determined from studying close-packed
spheres (Ginnel, 1961). The total chemical potential from
vibrations, in contrast, is taken to be just (i � 1)�PV. (The
prefactor is not simply i because the aggregate retains
center-of-mass freedom, which removes 6 degrees of free-
dom, the equivalent of one less member in the aggregate.)
The critical ingredient here is that the net vibrational chem-
ical potential rises linearly with the addition of monomers to
the aggregate. Because total contact energy and total vibra-
tional chemical potential depend on size i differently, they
are distinguishable in the fitting process.

For the sake of concise notation, the parameter � is used,
which contains the unknown �PC and other constants spec-
ified by the geometry of the nucleation process and not
varied in any fits. � is defined by

� � ��4 � �1�PC/RT�. (2)

Then the homogeneous nucleation rate f0 can be shown to be

f0 � qk�

�0c0�scs

�‡ �ln S

� ��

e1.12�, (3)

400 Ferrone et al.

Biophysical Journal 82(1) 399–406



where q is a combination of other geometrically determined
constants (cf. Ivanova et al., 2000), and S is the activity
supersaturation at the initial concentration c0, defined as

S � �0c0/�scs, (4)

in which cs is the solubility, and �s is the activity coefficient
at solubility. c0 is the concentration of deoxyhemoglobin S
at the initiation of the polymerization. �0 is the activity
coefficient of the total hemoglobin concentration at initia-
tion. The nucleus size, i*, does not appear explicitly in this
equation, but it is related in a very simple way to the
parameters used, viz.,

i* � �/ln S. (5)

The effects of crowding appear in two ways. First, they
appear in the activity coefficient for the monomer, �, which
only depends on the total concentration of hemoglobin. This
activity coefficient is known for different concentrations
from both osmotic pressure and sedimentation experiments
(Ross and Minton, 1977), and has been extensively used in
the study of the thermodynamics of hemoglobin S (Eaton
and Hofrichter, 1990).

Nonideality also affects �‡, the activity coefficient for the
activated complex, an aggregate of size i* � 1. Taking both
nucleus and monomer as roughly spherical allows the use of
SPT to determine �‡ (Minton, 1981). This depends on the
nucleus size (i*) and the concentration of hemoglobin c, but,
given such input data, �‡ is fully specified.

Heterogeneous nucleation

The rate of heterogeneous nucleation is proportional to the
concentration of monomers already present in polymers,
and may be written as g0�. � is the concentration of
monomers incorporated into polymers. Analogous to Eq. 1,
we may write

g0� �
k��c�	j*c	j*

�	j*�1
. (6)

Here the primes indicate the concentration and activity
coefficients of attached aggregates of size j*. The activity
coefficient of the attached aggregate necessarily includes
the volume excluded by the polymer to which the aggregate
is attached. The activity coefficient in the denominator is
that of the activated complex, an attached aggregate of size
j* � 1, which again includes the polymer in the calculation.
Although Eq. 6 is similar in form to Eq. 1, there are
important differences. Because the heterogeneous nucleus
consists of an aggregate attached to a polymer, the activated
complex is no longer is a spherical object. The heteroge-
neous nucleus is also an attached aggregate, and is written
with a prime to distinguish it from an aggregate like the
homogeneous nucleus, but simply different in size.

The activity of an attached aggregate of size j* to poly-
mers is given by its equilibrium with the solution aggregates
and the polmer sites to which it attaches, i.e.,

�	j*c	j* � K	j*�j*cj*�p	�, (7)

where primes indicate attached aggregates, and unprimed
symbols indicate solution aggregates. K	j* is the equilibrium
constant for the attachment process, and � is the concen-
tration of monomers in polymers. 	 was originally taken as
the fraction of such polymerized monomers that can accept
an aggregate (however, cf. below), and �p is the activity
coefficient of the polymer with no aggregate attached. Then,
Eq. 6 becomes

g0� �
k��cK	j*�j*cj*�p	�

�	j*�1
� k��c�j*cj*K	j*	
�, (8)

in which 
 is here defined as �p/�	j*�1 i.e., the activity
coefficient for a polymer with no aggregate attached divided
by the activity coefficient of a polymer with aggregate size
j* � 1 attached. 
 was previously taken to be unity, i.e., the
activity coefficients were assumed to be equal (Ferrone et
al., 1985a). This assumption has been conclusively shown
to be inadequate (Ivanova, et al. 2000).

Although SPT cannot be used here for 
, another ap-
proach to the calculation of the activity coefficients is that
of Boublik (1974), which has been summarized by Minton
(1998). This approach allows particles of dissimilar shapes
to be compared (e.g., rods and spheres) as long as the
particles are convex, and we shall refer to it here as CPT.
Using Minton’s notation, the nonideality for convex parti-
cles depends upon a length function Hn, a surface area Sn

and a volume Vn. The subscript n simply denotes which
class of particle is described, monomers, or some specific
aggregate. Because we will approximate the solution as
having monomers and aggregates with size j* attached to a
polymer, there are only two classes in this description. The
length function Hn is the Kihara supporting function, equal
to one-half the projection of the particle onto a single
directional axis, averaged over all orientations of the parti-
cle relative to its axis. For example, for a sphere, Hn is
simply the radius r; for a right-circular cylinder of length L
and radius r, it is (
r � L)/4. Then the activity coefficient
for the nth particle class is given by

ln �n � �ln�1 � ��V��� �
Hn��S�� � Sn��H�� � Vn��1��

1 � ��V��

�
Hn

2��S��2 � 2Vn��H����S��

2�1 � ��V���2 �
Vn��H

2����S��2

3�1 � ��V���3 ,

(9)

where the double bracket indicates a weighted average, viz.,
��X�� � ¥ �kXk, and ��1�� � ¥ �k and �k is the number
density of the kth species or class in the solution. The
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quantity of interest here is ln 
 � ln �p � ln �	j*�1, the
difference between logs of the activity coefficient of a
polymer and of a polymer with a nucleus attached. Observ-
ing in Eq. 9 that the denominators are the same, (because all
double bracketed terms are the same) the computation of ln

 will involve determination of the differences in Kihara
function, surface area and volume of a polymer with a
nucleus minus a polymer. Determining the volume differ-
ence (�V) is straightforward, and is just the volume of the
nucleus. The surface area difference (�V) is approximately
the surface area of the attached nucleus, with perhaps a
correction for the attachment area. This can be found given
the volume. The projected, averaged length is essentially the
same for the polymer with and without attached nucleus,
and, moreover, the projected distance is averaged over
orientations, suggesting that the Kihara function difference
�H 
 0. Thus, we have

ln 
 �
�S��H�� � �V��1��

1 � ��V��
�

2�V��H����S��

2�1 � ��V���2

�
�V��H2����S��2

3�1 � ��V���3 . (10)

Finally, because the number concentration of monomers is
far greater than the concentrations of any other species, the
sums over index k reduce to the contributions of the mono-
mers. Let v be the volume of a monomer, and �	 be the
relative density, i.e., �	 � c/cpp, in which c is the concen-
tration of pure monomers and cpp is the concentration of
hemoglobin in the polymer phase, taken here as 69 g/dl
(Eaton and Hofrichter, 1990). Then �V, the volume of the
nucleus of size j*, is given by �V � j*v�	. From this
expression and the assumption that the nucleus is spherical,
we can derive an effective nuclear radius, and then deter-
mine the surface area �S. We then arrive at a simple
expression for ln 
, viz.,

ln 
 � �
3j*2/3�cppv��2/3vc

1 � vc
�

j*c

cpp
�1 � vc � �vc�2

�1 � vc�3 � . (11)

This expression contains no new parameters, but uses
known parameters in a new combination to account for
nonideality of the heterogeneous nucleation process.

In the calculation of 
, the size of the heterogeneous
nucleus j* is required. This is computed in a thermody-
namic treatment like that used to compute the homoge-
neous nucleus. The differences in describing homoge-
neous and heterogeneous nuclei arise in that the latter
must include an energy of attachment, but otherwise
involves the same energetic considerations involved in
computing homogeneous nucleation. The additional
terms that appear in the calculation of the attachment are

due to K	j* 	 in Eq. 8. In energetic terms, the added
stability of the heterogeneous nucleus is

�RT ln K	j*	 � �RT ln 	 � �CC
1j* � �CC
2ln j*,

(12)

where the terms have the following simple definitions: �CC

is the chemical potential per unit contact area between
polymers. The surface area in contact is broken up into
linear and logarithmic contributions with coefficients 
1

and 
2. Equivalently, this represents the expansion of the
energy in constant, linear, and log terms as was done for i*.
These are the unknown parameters, to be determined by
fitting the double nucleation description to the data. It is
possible that the best fit combination will yield parameters
that display a maximum surface area in contact. In this case,
for all nucleus sizes greater than the maximum, j* is set to
the maximum. The nucleus is determined by finding the
turning point of the free energy versus size.

The parameter 	 was originally taken to specify the
fraction of surface molecules available. Physically, it is
impossible from kinetic measurements to distinguish be-
tween a small number of sites (small 	) and a larger number
of sites with weaker attachment energies.

Using the above definitions and solving for the nucleation
turning point, we may then write, analogous to Eq. 3,

K	j*�j*cj* � �ln�S � �1�

�2
��2

e�2 (13)

where

�1 � �

1�CC

RT
and �2 � � � 4 �


2�CC

RT
.

S is still the activity supersaturation as described above. � is
also the same variable used in Eq. 2 derived from consid-
ering homogeneous nucleation. With this condensed nota-
tion, the heterogeneous nucleus j* can be written as

j* �
�2

ln S � �1
. (14)

In the previous derivation, we note one final assumption.
Whereas the homogeneous nucleus retained its center of
mass rotations and translations (that gave rise to the i � 1
rather than i in the vibrational chemical potential), the
heterogeneous nucleus center-of-mass motion is intrinsi-
cally vibrational. To limit the number of free parameters,
the frequency of that motion is taken as the same as the
frequency of the monomers within the polymer, so that there
is simply an additional chemical potential in the amount
�PV. Any deviation of the center-of-mass vibrational fre-
quency from the frequency of the average center-of-mass
motion will appear with RT ln 	, from which it cannot be
empirically split.
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In fitting the experimental data, the three parameters that
are operationally varied become 	, �1, and �2, which
uniquely determine 	, �CC
1, and �CC
2. Once these are
known, the equilibrium constant (through Eq. 12) is speci-
fied as well as the nucleus size j*, which is used in the
activity coefficient 
.

DATA ANALYSIS

The equations that describe the double nucleation model in
terms of its constituent rate and equilibrium constants can
be linearized to describe the initial phase of polymer for-
mation. When this is done, the concentration of monomers
in polymers, denoted �, grows as

� � A�cosh Bt � 1� � A/2eBt (15)

(Bishop and Ferrone, 1984), where the last approximation is
true for large values of Bt. The exponential growth rate B is
related to the heterogeneous nucleation rate g0 by

B2 � J0�g0 � df0/dc�, (16)

where f0 is the homogeneous nucleation rate, and J0 is the
net polymer growth rate. The subscripts zero indicate that
these are evaluated at the initial concentration (c0). Hence,
the predictions of the heterogeneous nucleation model will
be reflected in the rate B. The data for rates B have been
collected at a variety of temperatures and concentrations
(Ferrone et al., 1985b; Cao and Ferrone, 1997; Ivanova et
al., 2000). B values cover a range of 103–10�4, reflecting a
range in heterogeneous nucleation rate g of 
1014. To unify
the data collected at different temperatures, we constructed
an explicit temperature-dependent function for �CC
1,
�CC
2, and ln 	. In this, it was assumed that the enthalpy
had a linear temperature-dependent term in addition to a
constant value. That is, each energetic term had a temper-
ature dependence described by �Happ(T) � �H � �CpT
where �H and �Cp are temperature independent constants.
Thus,

�CC
1�T� � �CC
1�T0� � �H1�1 � T/T0�

� �Cp1T ln�T0/T�, (17a)

�CC
2�T� � �CC
2�T0� � �H2�1 � T/T0�

� �Cp2T ln�T0/T�, (17b)

ln 	�T� � ln 	�T0� � ��H	/R��1/T � 1/T0�

� ��Cp	/R�ln�T0/T�. (17c)

Here, �H is the temperature-independent enthalphy, and
�Cp the heat capacity for the different contact energy terms
as designated by their subscripts. T0 is an arbitrary reference
temperature, and R is the gas constant. Values of k� and �
are taken from the measured temperature dependence of
homogeneous nucleation (Cao and Ferrone, 1997). B values

for four different temperatures were thus simultaneously fit
to obtain the best nine parameters in Eq. 17 that described
the concentration and temperature dependence of the B.

Figure 2 shows the measured rates for four different
temperatures (15, 20, 25, and 35°C) for a range of concen-
trations, along with theoretical curves fit to the data. The
data is a compilation of that published by Ferrone et al.
(1985b), Cao and Ferrone (1997), and Ivanova et al. (2000).
It is evident that this description provides an excellent
representation of the data shown. The 51 measurements
(over four temperatures) are described by variation of nine
parameters. In general, the fit to each curve would have
required variation of three parameters; by using Eq. 17, we
have been able to reduce the number. The parameters ob-
tained in the fits are shown in Table 1.

FIGURE 2 Exponential growth rate B as a function of the log of initial
concentration in mM for four different temperatures: 15°C (open trian-
gles), 20°C (filled circles), 25°C (open circles), and 35°C (filled triangles).
Curves are the result of fitting the revised double nucleation model to the
data, using the parameters shown in Table 1. Although in principle three
parameters are required for each curve, the thermal analysis of Eq. 17 links
parameters, so that 9 rather than 12 parameters have been varied in total.
Because the heterogeneous nucleation rate varies as B2, the heterogeneous
nucleation rates cover 
14 orders of magnitude in this plot.

TABLE 1 Parameters describing heterogeneous nucleation

�CC
1 (20°C) � 0.068 kcal/mol
�CC
2 (20°C) � �5.68 kcal/mol

ln 	 (20°C) � �7.97
�H1 � �88.8 kcal/mol
�H2 � 1059. kcal/mol
�H	 � 586.2 kcal/mol
�Cp1 � 0.284 kcal/mol-K
�Cp2 � �3.49 kcal/mol-K
�Cp	 � 1.98 kcal/mol-K
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The critical test of this model is to see whether the
nonideality data of Ivanova et al. (2000) can be described
once the parameters of the model have been determined in
the absence of added crowding agents. The nonideality
description developed above is thus used for solutions in
which there is a 30% and 50% crowding by nonpolymeriz-
ing cross-linked HbA, with the results shown in Fig. 3.
Although the predictions are not perfect, they are both quite
close. Because the values of B vary as the square root of the
heterogeneous nucleation rate, the variation in B seen here
is indicative of a change in heterogeneous nucleation rate g
of the order of 104. In the inset to Fig. 3, the lack of
agreement from the previous model is shown for compari-
son.

DISCUSSION

The results obtained here show that the double nucleation
mechanism correctly describes polymerization in crowded
solutions, once the proper approach is taken to nonideality.
Because heterogeneous nucleation is the least well under-
stood part of the entire model, previous lack of success in
fitting cross-linked mixture data might have also signaled
some fundamental mistake in the description of the kinetic

equations that governed the model. In turn, the present
success is an important milestone in permitting the model to
address such important issues as the polymerization in the
presence of oxygen, or of HbF, which significantly amelio-
rates the disease. These topics will be dealt with in subse-
quent investigations. The new parameterization gives in-
sights into the heterogeneous nucleation process. The size of
the heterogeneous nucleus varies at 25°C from 
10 to 1.5
as the initial concentration is varied from 3.5 to 6 mM.
These results and the values for other temperatures are
shown in Fig. 4. A noninteger nucleus merely means that
the turning point in the free energy versus size is between
two integral aggregate sizes. Large nuclei are the exception
rather than the rule, and, under physiological conditions of
temperature and concentration, the nucleus ranges between

1 and 5. The temperature dependence is weak but observ-
able. When 50% of the hemoglobin is replaced by nonpo-
lymerizing species (such as cross-linked HbA) the nucleus
size rises, as shown by the crosses in Fig. 4. The heteroge-
neous nucleus, as expected, is generally smaller than the
homogeneous nucleus because of the added stability con-

FIGURE 3 B as a function of log of initial concentration for different
fractional substitutions, at 20°C. Filled symbols are collected for pure HbS,
open circles are collected for 30% of the HbS replaced by cross-linked
HbA, and open squares are collected for 50% of the HbS replaced by
cross-linked HbA (Ivanova et al., 2000). Curves are drawn as predictions
based on the fits shown in Fig. 2 (parameters of Table 1), with no further
adjustment of parameters to match the theory to the data of 30% or 50%
HbA. The purpose of the cross-link is to prevent reproportionation of the
HbA into hybrids with the HbS. The inset shows the failure of the previous
theory (Ferrone et al., 1985, Ivanova et al, 2000) to fit the data shown.

FIGURE 4 (a) Heterogeneous nucleus size (j*) as a function of initial
concentrations. Four temperatures are shown (15, 20, 25, and 35°C) as
solid lines, with the smallest nuclei at the highest temperature. The � signs
show j* at 20°C with 50% of the HbS replaced by cross-linked HbA. (b)
Difference in the homogeneous nucleus minus the heterogeneous nucleus
(i* � j*). As expected, the heterogeneous nucleus is generally a few
monomers smaller than the homogeneous nucleus.
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ferred by the contact with the parent polymer. In Fig. 4 b,
the difference between the homogeneous nucleus (i*) and
heterogeneous nucleus (j*) is shown. Somewhat subtle vi-
brational effects cause the difference to decrease at high
nucleus sizes. In general, though, the homogeneous nucleus
is larger by 2 to as many as eight molecules.


, the log of the activity ratio, is shown in Fig. 5 as a
function of initial concentration. As can be seen, it is almost
constant between 4 and 6 mM, which is not altogether
surprising because the prior approximations of constant 

provided a reasonable fit of the data. However, when 50%
of the sickle hemoglobin is replaced by nonpolymerizing
hemoglobin, the value of 
 rises, and the region of relative
constancy diminishes. This is what accounts for the failure
of the prior approach to fit the data containing nonpolymer-
izing species.

Perhaps the most interesting feature to arise from the
revised analysis of polymerization is the strength of the
interpolymer interactions and what it implies about the
heterogeneous process. With the description used here, the
contact energy as a function of size is given by Eq. 12 and
is shown in Fig. 6 for four temperatures. As can be seen,
there is very little net temperature effect on the attachment
energy. The value of the energy for an aggregate of the size
of a monomer might at first seem contradictory, being
almost zero, whereas two monomers attach with 
�4.5
kcal/mol. There are geometrical terms to consider, however.
For example, if 4 of the 14 molecules had attachment sites,
then the near zero of the first monomer is just a cancellation
of a small intrinsic affinity by the rarity of a site for
attachment to happen. In such a case, the actual energy of
attachment at the site would become RT ln 4⁄14 � �0.75
kcal/mol. As was mentioned above, the ln 	 term was
initially thought to be solely a geometrical term, but, on

further consideration, must include any size-independent
contribution to the stabilization energy.

In Fig. 5, the energy of the contacts of the monomer
within the polymer, �PC, is shown for comparison. Within
the polymer, one can distinguish three regions: lateral con-
tacts that zig-zag up the constituent double strands and
primarily involve the mutation site, axial contacts that occur
between molecules displaced along the axis of the polymer,
and inter-strand contacts that occur only between the double
strands. Although the analysis of homogeneous nucleation
gives a total contact energy �PC � �7.5 kcal/mol (Cao and
Ferrone, 1997) within the polymer, there has been no further
breakdown of the total among the possible contact catego-
ries. The inter-double strand contacts vary considerably
depending on the pairs considered, and, in general, model
building has shown that these are not extensive (Watowich
et al., 1989). Axial contacts are also found to be not very
specific (Harrington et al., 1997), and it also may be that
these are stretched in polymerization (Watowich et al.,
1993). The strongest of the categories appears to be the
lateral contacts, and it is these, after all, that are required to
promote polymerization. Each monomer has two lateral
contact regions, one donor and one acceptor, so the polymer
attachment energy might be expected to be no greater than
�7.5/2 � �3.75 kcal/mol. This would apply to each mono-
mer in the aggregate. Although close, it is less than that
found in the attachment energy. In addition, there is the
issue of reconciling the size of the first monomer to attach
to a polymer. If one were to require that the energy of the
first monomer attachment be greater than the polymer-
attachment energy of the second monomer, the number of
heterogeneous sites drops to 
1 in 1000 monomers in a
polymer.

The implication is that the heterogeneous site might arise
from some type of polymer defect rather than a regular
feature of the polymer geometry. Such a defect, in turn,
might have a strong enough energy to bind the first or
second monomer, but one which could not be sustained in
the polymer due to structural incompatability.

It has been proposed that heterogeneous nucleation oc-
curs because the �6 val-� receptor contact region that
stabilizes the double strand also occurs on four external sites
of the polymer (Mirchev and Ferrone, 1997). From that
proposal, the geometrical part of 	 must be 4⁄14. Because
this proposal invokes the same contact between polymers as
found within them, the energetics governing polymer sta-
bility should be simply related to the contact energy attach-
ing nucleus to polymer. The results of the present analysis
do not appear to be consistent with the demands of such a
model, most notably, in requiring a dimer to have almost
four times greater energy of attachment to the polymer than
the monomer does.

A new feature to emerge from the analysis is that there
must be additional contact sites that are also energetically
significant beyond the first contact site. As can be seen in

FIGURE 5 Activity coefficient ratio 
 as a function of initial concen-
tration. The solid line shows the activity coefficient ratio for 20°C; the
dashed line shows the same ratio but with 50% of the hemoglobin replaced
by non-polymerizing HbA. Note the region of constancy in the activity
coefficient, which is consistent with the prior assumptions in which 
 was
taken as a constant.
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Fig. 6, the stabilization continues to increase as the number
of molecules in the aggregate increases. The ability of the
model to generate energetic parameters provides a valuable
tool to explore the nature of the heterogeneous process.
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FIGURE 6 Free energy of attachment of an aggregate to its parent
polymer as a function of size for four temperatures as computed using Eq.
12 and the parameters of Table 1. Open circles, 15°C; filled circles, 20°C;
triangles up, 25°C; and triangles down, 35°C. The horizontal line shows
the value of �PC, the contact energy of a monomer within the polymer. No
individual step would be expected to have a greater contact energy than
�PC. The infrequency of contact sites at which such attachment occurs will
have the effect of offsetting the zero line.
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